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We have studied the interfacial instabilities experienced by a liquid annulus as it moves radially in
a circular Hele–Shaw cell rotating with angular velocity V. The instability of the leading interface
~oil displacing air! is driven by the density difference in the presence of centrifugal forcing, while
the instability of the trailing interface ~air displacing oil! is driven by the large viscosity contrast. A
linear stability analysis shows that the stability of the two interfaces is coupled through the pressure
field already at a linear level. We have performed experiments in a dry cell and in a cell coated with
a thin fluid layer on each plate, and found that the stability depends substantially on the wetting
conditions at the leading interface. Our experimental results of the number of fingers resulting from
the instability compare well with the predictions obtained through a numerical integration of the
coupled equations derived from a linear stability analysis. Deep in the nonlinear regime we observe
the emission of liquid droplets through the formation of thin filaments at the tip of outgrowing
fingers. © 2000 American Institute of Physics. @S1070-6631~00!01007-2#I. INTRODUCTION
Hele–Shaw flows ~viscous flows in the gap between two
closely spaced parallel plates! have been the subject of nu-
merous studies in recent years. From a practical point of
view, the interest in these problems arises from the fact that
Hele–Shaw flows are governed by the same equations as
flows in porous media. In particular, Hele–Shaw flows ex-
hibit a viscous fingering instability,1 which is believed to
determine the efficiency of oil recovery processes by water
displacement in porous oil reservoirs, and is also present in
underground storage of gas.2 Another related problem of
practical interest is injection molding, in which a fluid dis-
places air in a mold which often has the same parallel plate
geometry as Hele–Shaw cells. The displacement in this case
is stable, and the question is to define the conditions for
complete elimination of air in the mold. The study of Hele–
Shaw flows driven by body forces ~gravity or centrifugal!
may also be of interest in the technology of coating.3
On the other hand, the viscous fingering instability ex-
perienced by Hele–Shaw flows is regarded from a funda-
mental point of view as a relatively simple but very rich
scenario to study generic features of interfacial pattern for-
mation in dynamic nonlinear systems.4,5 The Saffman–
Taylor problem, as commonly known in this context, is a
prototypical example of a moving-boundary problem, rel-
evant to a broad class of morphological instabilities found
not only in porous media flows, but also within the context
of crystal growth, electrochemical deposition, dielectric
breakdown, and flame propagation, for example.5
A number of modifications of the basic Saffman–Taylor
problem have been considered in recent years.6 An interest-
ing possibility is to impose a uniform rotation about an axis
a!Electronic mail: ortin@ecm.ub.es1681070-6631/2000/12(7)/1685/14/$17.00
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etry. The morphological instability induced by centrifugal
forcing is driven by the density difference and not by the
viscosity difference of the two fluids. The linear stability
analysis of this problem in the limits of high density and
viscosity contrast was worked out by Schwartz,8 and ex-
tended to arbitrary density and viscosity contrast by our
group.9 In this latter work we verified experimentally the
maximum growth rate selection of initial patterns within ex-
perimental uncertainty, and also studied the nonlinear regime
in the case of vanishing injection rate.
A particularly interesting arrangement in the rotating cell
is that of a liquid annulus, centered in the cell, which defines
three different regions separated by two interfaces: A trailing
or inner interface ~i!, and a leading or outer interface ~o!.
Depending on densities and viscosities of the fluids in the
different regions, and on the experimental parameters se-
lected ~gap thickness, initial volume, and rotational fre-
quency!, qualitatively different scenarios of interfacial insta-
bilities can be considered. In this paper we study an annular
arrangement in the limits of high density and viscosity con-
trast, where air occupies the innermost and outermost layers,
and oil occupies the intermediate layer. Emphasis is laid on
the general situation in which either one of the two or both
interfaces are unstable, with particular interest on the behav-
ior resulting from their coupled motion.
Related to this study, three-fluid annular Hele–Shaw
flows with no centrifugal forcing were recently considered
by Cardoso and Woods.10 In their work the radial spreading
of the fluids is forced by the steady injection of fluid in the
innermost layer. The emphasis is on the behavior when one
of the interfaces is highly stable and the other is unstable. In
this configuration, the authors report that surface tension at
small radii and the continuous thinning of the intermediate
layer at large radii stabilize the system.5 © 2000 American Institute of Physics
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the problem of a fluid annulus in a rotating Hele–Shaw cell,
which was initiated in Ref. 11 with the study of stable dis-
placements. Centrifugal forcing allows a wide range of driv-
ing force amplitudes. This led us to study annular flows in a
wide range of capillary numbers, covering about three orders
of magnitude. The study revealed the relevance of wetting
conditions to the behavior of the flow; the interfaces of the
annulus moved with monotonously rising velocities in a cell
prewet with a thin fluid layer on each glass plate, and with
much lower constant velocities in a dry cell.11 The conse-
quences of this different behavior on the instability thresh-
olds of the two interfaces of the annulus constitute the cen-
tral part of the study presented here.
In a rotating cell, the bulk pressure due to centrifugal
forcing increases linearly in the radial direction. This en-
hances secondary bifurcations and the occurrence of topo-
logical singularities in the flow, such as the formation of
fluid filaments and the breakup of the interface into liquid
droplets. We report on qualitative observations of such phe-
nomena in our experiments.
In summary, we present a linear stability analysis and an
experimental study of the fingering instabilities that occur
during the radial displacement of a spinning fluid annulus in
a Hele–Shaw cell, for a wide range of experimental param-
eters ~fluid volume, rotational frequency, gap thickness!, dif-
ferent wetting conditions ~prewet and dry!, and different
properties of the liquid ~viscosity, density, and surface ten-
sion!.
II. EXPERIMENT
A. Experimental apparatus
Our Hele–Shaw cell is made of two 6 mm thick circular
glass plates of 40 cm diam, separated by six calibrated spac-
ers of thicknesses b in the range 0.25–2.00 mm, and firmly
clamped together. We estimate the fluctuations in gap spac-
ing at about 0.05 mm.
The cell is mounted on top of a rotating cylindrical plat-
form, as shown in Fig. 1. To accurately balance the cell even
at high angular velocities and to damp vibrations, the axis of
the platform is conical and sits on a large conical ball bearing
attached to the supporting structure. This structure rests on a
FIG. 1. Sketch of the experimental apparatus.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lheavy granite table with three adjustable feet, in order to
accurately level the cell, which is critical during rotation.
Before each run, the center of the cell is carefully aligned
with the rotation axis, to a tolerance less than 0.02 mm in the
radial direction.
The axis of the platform is coupled via a belt to a pulley
mounted on the shaft of a variable speed motor, equipped
with a reductor and a tachometer. The signal from the ta-
chometer is used by an external servocontroller to maintain a
highly constant rotation speed V, independently of load
variations, in the range 0–300 rev/min ~0–5 Hz! with fluc-
tuations around 60.1 rev/min. We have found empirically11
that the rotation speed of the platform, when it accelerates
from rest to a preset value V0 , is well described by V
5V0@12exp(2vt)#, where v51.2(300/V0)2.5 and both V
and V0 are given in rev/min. Thus, the platform accelerates
to 50, 100, 200, and 300 rev/min in less than 0.04, 0.4, 2, and
6 s, respectively. Except for a few exceptions, these transient
times are negligible in most experiments. The maximum de-
flection of the upper glass plate due to the rotation of the cell
is 0.03 mm at 300 rev/min.
Four white fluorescent tubes, arranged forming a square
around the cell at the level of the gap, constitute the light
source. The change in refraction index as the light passes
from air to liquid or vice versa renders the interfaces visible.
An example is shown in Fig. 2. Images are recorded with a
JVC TK-S340 CCD camera, equipped with a 8 mm Cosmi-
car Pentax objective, placed above the apparatus and focused
on the glass plates. Sharp images of patterns rotating at high
speed are obtained using the electronic shutter of the camera,
which allows pictures to be taken in 1/10 000 s. The camera
is connected to a Vitec VideoMaker frame grabber installed
in a personal computer, which digitizes the images sequen-
tially and stores them in memory. The spatial resolution of
FIG. 2. Digital picture of a liquid annulus ~inner radius ri , outer radius ro)
extracted from a sequence of video frames. The dark central spot is a re-
flection of the camera lens on the glass plate, overlapped with the central
orifice of the plate. The picture is representative of the resolution achieved
with our image acquisition setup.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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varied between 0.25 and 6 images/s, with 256 gray levels per
pixel. The relative orientation between successive images is
determined by a number of markers on the top glass plate.
B. Experimental procedure
We have used two silicone oils ~Rhodorsil! of the same
density and surface tension, and very different viscosity, and
a vaseline oil ~Panreac! of intermediate viscosity, lower den-
sity and higher surface tension. The properties of the liquids
are summarized in Table I. The viscosities were measured
using a Cannon–Fenske capillary viscometer. The interfacial
tension of the vaseline oil was measured using the pendant
drop method, after having checked the procedure on the two
silicone oils, for which data were available. The three liquids
are transparent. They have been chosen for their Newtonian
behavior and for perfectly wetting the glass.
We have taken good care in properly cleaning the cell
after each experiment. First, oil traces have been wiped off
with paper. Next, the two plates have been thoroughly
cleaned with soap and water, rinsed with distilled water and
acetone, and finally dried with pressurized air. Since the liq-
uids used in the present experiments are rather insensitive to
substrate contamination, we have found this protocol suffi-
cient to obtain reproducible surface conditions.
In our work on the radial displacement of the annulus11
we reported on the significant influence that wetting condi-
tions at the leading interface have on the properties of the
flow. To further study this problem, this time in connection
with the stability of the annulus interfaces, the same two
experimental procedures have been followed:
~i! Preparation of the annulus in a dry cell.
In the first procedure the displacement takes place in
dry conditions. The rotation speed of the motor is first
preselected. The liquid is injected into the motionless
cell ~which has been cleaned as described above! us-
ing a syringe pump through a central orifice of radius
RA54 mm machined in the upper plate. The liquid
droplet formed is allowed to grow until it reaches a
prescribed radius L0 . At this moment the injection
tube is removed and the motor is switched on. Since
air enters the cell through the open central orifice, the
liquid droplet quickly becomes a liquid annulus which
spreads radially, and eventually destabilizes, giving
rise to a fingering pattern. The process is digitally
recorded until the pattern reaches the edge of the cell.
~ii! Preparation of the annulus in a prewet cell.
In the second procedure the aim is to prepare the cell
with a thin liquid layer deposited on each glass plate.
TABLE I. Properties of the fluids used in the experiments.
Silicone
oil 50
Silicone
oil 500
Vaseline
oil 150
Kinematic viscosity n ~at 25 °C! mm2/s 50 500 150
Density r kg/m3 998 998 870
Oil–air interfacial tension s mN/m 20.7 20.7 29.3loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lTo this end, oil is slowly injected into the motionless
cell up to a radius of about 100 mm, the injection tube
is disconnected, and the platform is set to rotate at low
speed ~between 40 and 60 rev/min!. The liquid droplet
becomes an annulus, which slowly spreads radially
and finally disappears when the trailing interface
reaches the edge of the cell. The motor is then
switched off. This method produces an oil layer of
relative thickness 0.1 on each glass plate for a rotation
speed of 50 rev/min. In the cell prewetted in this way,
a new liquid droplet is formed immediately up to a
radius L0 by additional oil injection. The rest of the
procedure follows the same steps of the dry cell.
C. Experimental results
Our experiments have covered a large region of the
available parameter space. The experimental parameters
have centered around the following predetermined values:
b50.25, 0.50, 0.81, 1.0, and 1.94 mm; V530, 40, 50, 60,
80, 90, 120, 150, 180, 210, 240, 270, and 300 rev/min; L0
510, 16, 20, 32, 49, and 95 ~61!/mm.
The experiments show that the radial displacement of the
annulus in prewet conditions is stable up to very large radii.
The interface velocities rise in time. If the amount of liquid
~measured by L0) is sufficiently large to prevent the two
interfaces from meeting each other during the thinning pro-
cess experienced by the annular layer, the interfaces remain
stable until the liquid leaves the cell at the outer edge ~Fig.
3!. For smaller amounts of liquid (L0 smaller! the interfaces
remain stable until they get so close to each other that the
annulus becomes extremely thin, and visually seems to van-
ish on the glass plates when the meniscii of the two inter-
faces pinch.
The displacement of the annulus in dry conditions is
generally unstable. The circular interfaces move at nearly
constant velocity, sensibly lower than in equivalent experi-
ments in prewet conditions ~Fig. 4!, until fingering instabili-
ties develop. The number of ripples generated depend on the
experimental parameters. Most combinations of parameters
make the leading interface destabilize first. It is also common
to have both interfaces destabilizing simultaneously when
the motion of the two interfaces is strongly coupled, particu-
larly for small L0 . It is only for very large L0 that the insta-
bilities develop first at the trailing interface.
The examples shown in Fig. 5 correspond to experi-
ments with silicone oil 50 in dry conditions. In Fig. 5~a!,
although both interfaces become unstable, the leading inter-
face destabilizes first. In Fig. 5~b!, on the other hand, the two
interfaces become unstable at the same time with the same
dominant wave number. This is a case in which the motion
of the interfaces is strongly coupled because ro.ri . Al-
though the thickness of the annulus, about 3 mm, is still
larger than the gap thickness, b50.81 mm, three-
dimensional effects begin to play a role and this experiment
approaches the limit of validity of the Hele–Shaw regime. In
Fig. 5~c!, which corresponds to very large L0 , the trailing
interface destabilizes first, and it is only when this instability
has developed far beyond the linear regime that the leadingicense or copyright; see http://pof.aip.org/about/rights_and_permissions
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wave number independent of that developed at the trailing
interface. In this case the motion of the interfaces is practi-
cally uncoupled, since ro@ri .
The examples shown in Fig. 6 correspond to experi-
FIG. 3. Displacement of an annular layer of silicone oil 50 in a prewet cell.
The interfaces are stable during the displacement until they reach the edge
of the cell. The experimental parameters are L0530 mm, V560 rev/min,
and b50.81 mm. The time interval between consecutive pictures ~from top
to bottom! is 25 s.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lments with vaseline oil 150 in dry conditions. Here the only
parameter modified is L0 , which increases from top to bot-
tom. For small L0 ~on top! the two interfaces become un-
stable almost simultaneously and with the same dominant
wave number. In the experiment shown here the perturba-
tions at the two interfaces are in phase, but in a few cases we
observed perturbations in phase opposition. For an interme-
diate value of L0 ~in the middle! the leading interface is
observed to destabilize first, while the trailing interface re-
mains nearly perfectly circular for some time, as shown in
the picture. In most cases this interface finally also destabi-
lizes, with a similar dominant wavenumber. Finally, for large
L0 ~at the bottom! we observe a situation very similar to that
shown in Fig. 5~c! in which the instability develops first at
the trailing interface. The leading interface, in spite of having
a very large radius, remains stable through most of the dis-
placement.
The behavior of the dominant wavenumber n emerging
from the linear regime with L0 is the following: in most
cases the instability develops first at the leading interface,
FIG. 4. Displacement of an annulus of silicone oil 50 in a prewet cell ~a!,
and a dry cell ~b!, showing the influence of wetting conditions on the sta-
bility of the interfaces. In the two experiments the parameters are L0
530 mm, V5120 rev/min, and b50.81 mm. The pictures have been taken
at t513.2 s in both cases.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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instability develops first at the trailing interface, the value of
n drops, and then ~for the limited parameter range that re-
mains accessible! increases again with L0 .
The time evolution of the interfaces is obtained from the
FIG. 5. Interfacial instabilities of an annulus of silicone oil 50, in a dry cell
of gap spacing b50.81 mm, for different initial radii and rotation speeds:
~a! L0530 mm, V590 rev/min, ~b! L0530 mm, V5210 rev/min, ~c! L0
5117 mm, V5120 rev/min.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lsequence of digital video images, captured at equal time in-
tervals. Using edge detection techniques, we have deter-
mined the line r(s) for each interface. This line gives the
radial extent of the interface as a function of the interface
arclength. Use of the arclength instead of the azimuthal angle
u makes no substantial difference in the linear regime. In the
FIG. 6. Interfacial instabilities of an annulus of vaseline oil 150, in a dry cell
of gap thickness b50.81 mm rotating at V5180 rev/min. The initial radius
of the drop in each run, L0 , increases from top to bottom.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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ciated with the possibility that r(u) becomes multivalued.
The onset and development of the instability have been in-
vestigated by Fourier mode analysis. To this end, for each
digitized interface r(s) we have computed the function
r~s !5r~s !2R , ~1!
where R is the radius of a circle obtained from a least-
squares fit of r(s). The function r(s) represents the defor-
mation of the interface line with respect to this circle. The
discrete Fourier transform of r(s) is given by
rˆ~n !5 (j50
N21
r~2p j /N !ein2p j /N, ~2!
where n is the azimuthal wave number and N is the number
of data points in the digitized curve r(s).
The power spectrum of the leading interface of an annu-
lus of silicone oil 50, computed at five successive instants, is
shown in Fig. 7. At the earliest time the amplitude of the
maximum at n52 is of the order of the noise in the spec-
trum, and no dominant mode can be identified. As time ad-
vances, the maximum in the spectrum shifts to n512 and
then to n517. Competing with this mode n517 there is a
mode at n520, which grows at a similar or higher rate, and
which can be identified with the number of fingers develop-
ing at later times, already in the large amplitude regime.
Some harmonics ~at n534 in particular! and other modes of
smaller amplitude also appear.
The evolution towards modes of larger wave number,
revealed by this numerical analysis, cannot be easily derived
by a visual inspection of the digitized interfaces. The time
sequence shown in the inset contains a total of eleven inter-
faces, of which the first ~still practically unperturbed!, the
fifth, the eighth, the tenth, and the last ~slightly beyond the
linear regime! have been used in the Fourier analysis. Inspec-
tion of the latter interface confirms that the number of fingers
is ;20. It is important to mention that this number remains
FIG. 7. Evolution of the power spectrum of a leading interface at the onset
of instability, demonstrating the development of modes of larger n as time
progresses. The inset shows the sequence of leading interfaces digitized at
times 6.0, 6.2, 6.4, 6.6, 6.8, 7.0, 7.4, 7.6, 7.8, 8.0, and 8.4 s. The fluid is
silicone oil 50, in a dry cell, and the experimental parameters are b
50.81 mm, V5150 rev/min, and L0531 mm.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lunchanged for the rest of the experiment, because deep in the
large amplitude regime there is no sign of any mechanism
~tip splitting or finger competition! capable of modifying the
number of fingers growing out of the leading interface. The
reason must be found in the increasing lateral separation be-
tween radially growing fingers in the circular geometry, and
in the fact that pressure grows with the square of the radial
distance in the presence of centrifugal forcing.
The same analysis has been performed on a trailing in-
terface, as shown in Fig. 8. In early stages the maximum of
the power spectrum is at the mode n51, which represents a
circular interface slightly off axis. Above 1.0 s the modes
n57 and n59 take off with similar amplitude. Finally, at
the latest time shown ~2.2 s! the mode with n59 has reached
the maximum amplitude. The lower amplitude modes n
511 and n516, however, are seen to grow at similar rates,
and presumably will take over from lower n modes at later
times.
For this case we have chosen a time sequence of digi-
tized interfaces ~inset! extending deep in the large amplitude
regime. Out of the fifteen interfaces shown, the power spec-
trum covers the time interval from the first to the ninth in-
terface, which is already beyond the linear regime. As op-
posed to the behavior of the leading interface, deeper in the
nonlinear regime the time evolution of the fingering pattern
of the trailing interface is characterized by a growing number
of fingers, due to finger splitting at the tip of wide fingers.
This behavior is characteristic of viscosity driven instabilities
in the radial geometry. Notice that the last interface shown
displays about fifteen well-developed fingers, but this num-
ber changes to about eighteen fingers due to tip splitting.
III. ANALYSIS AND DISCUSSION
In this Section, we review the Hele–Shaw equations for
the annular geometry in the presence of centrifugal forcing,
and perform a linear stability analysis of the interfaces. This
provides the theoretical background required to guide the
analysis of our experimental results.
FIG. 8. Evolution of the power spectrum of an unstable trailing interface.
The inset shows fifteen interfaces digitized every 0.2 s, starting at t
50.6 s. The fluid is silicone oil 50, in a dry cell, and the experimental
parameters are b50.81 mm, V5120 rev/min, and L05117 mm.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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We consider an oil annulus of inner radius ri and outer
radius ro , in a circular Hele–Shaw cell of plate spacing b
rotating with angular velocity V. In the high-friction limit
~Hele–Shaw approximation! the velocity field in the bulk of
the liquid, averaged in the direction perpendicular to the
plates, obeys Darcy’s law
v5„f , ~3!
where
f52M ~p2 12rV2r2!, ~4!
and the mobility M5b2/12m . Here m is the dynamic viscos-
ity and r is the density of the oil. Since the liquid is incom-
pressible, „v50, and Darcy’s law leads to a Laplace equa-
tion for the velocity potential
„2f50. ~5!
The nonlinearities enter through the boundary conditions
at the interfaces.
The first set of boundary conditions specifies the pres-
sure jump at the two interfaces
f~ri!
M 2
1
2 rV
2ri
25s~k’ i1k i i!, ~6!
f~ro!
M 2
1
2 rV
2ro
25s~k’o2k io!, ~7!
where i and o refer to the inner and outer interface, respec-
tively, and k’ , k i are the curvatures of the interface in the
directions perpendicular and parallel to the plates, respec-
tively. In writing these boundary conditions we have ne-
glected the contribution of air to the pressure difference.
The second set of boundary conditions refers to the con-
tinuity of the normal velocity across the interfaces
]rf1u i5]rf2u i 112a i , ~8!
]rf1uo5]rf2uo 112ao , ~9!
where a i , ao , are the relative thicknesses of the liquid films
on the glass plates, behind the leading interface and ahead of
the trailing interface respectively ~see Ref. 11!.
When the two interfaces are circular, the solution of Eq.
~5! for the velocity potential has the form
f0~r !5A ln r1B , ~10!
where conditions ~6! and ~7! determine the constant A as
A5M
~1/2!rV2L22s@~2/b!~cos uDi2cos uDo!11/ri11/ro#
ln~ro /ri!
.
~11!
Here L2[ro
22ri
2
, and initially L25L0
2
. We have taken
k’i ,o5(2/b)cos uDi,o and k i i ,o51/ri ,o , where uDi ,o represent
the dynamic contact angles at the two interfaces. The con-
stant B is determined by prescribing the magnitude of theloaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lpressure at some point in the flow. The index 0 in f0 is a
reminder that this solution is valid for an annulus with un-
perturbed circular interfaces.
B. Influence of wetting
In our first paper on the problem of the annulus11 we
focused on stable ~radial! displacements. We found that these
displacements are very sensitive to the prewet or dry condi-
tions of the cell, and identified the two main phenomena
responsible for this:
~i! The dynamic contact angles at the interfaces experi-
ence variations in the range 0 to p, depending on their
normal velocity. This makes the perpendicular curva-
tures independently variable in the range 2/b to 22/b .
If the curvatures remain the same at the two inter-
faces, as is approximately the case in a prewet cell,
the corresponding jumps of capillary pressure at the
interfaces cancel out. If not, as in a dry cell, the jumps
of capillary pressure may be very different and have a
relevant influence on the radial velocity.
~ii! In both prewet and dry cells the trailing interface
leaves a liquid layer on the two glass plates. The
thickness of the layer depends on the normal velocity
of the interface. The thickness was measured by a
stable displacement of the annulus in Ref. 11 ~Fig. 8!.
In a dry cell, the formation of the layer results in a
progressive loss of liquid in the annulus. In a prewet
cell, this loss is largely compensated at the leading
interface by the liquid regained from the film coating
the glass plates. As a result, L2 ~the amount of liquid
in the annulus!, decreases with time in a dry cell and
stays almost constant in a prewet cell.
It is important to note that the two phenomena de-
pend on the instantaneous radial velocity of the inter-
faces.
The experiments confirmed that the approximation of
perfect wetting, k’i.k’o and L2.L0
2
, provides an accurate
description of stable displacements in prewet conditions. In
this case, the velocities of the two interfaces scaled as pre-
dicted by the above equations.11
On the other hand, for stable displacements in a dry cell
a nontrivial result arises; the velocity of the two interfaces is
nearly constant throughout the displacement. The velocity
seems to be dynamically selected by the interplay of the two
phenomena considered above, both dependent on interface
velocity. Defining the capillary number for constant velocity
displacements as Ca5mv/s , and the ratio of centrifugal to
capillary forces as S5rV2L0
3/s , our experiments showed
that in dry conditions Ca scales with (b/L0)2 S5/4 for about
three orders of magnitude of the two quantities.11
C. Linear stability analysis of the fingering instability
To carry out a linear stability analysis of the interfaces,
we write the perturbative equations in their simplest form,
without including corrections due to wetting. We assume that
it is enough to account for these corrections on the unper-
turbed velocity field.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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~Fig. 9! by adding an infinitesimal perturbation of the form
dri5z ie
inu
, ~12!
dro5zoe
imu
, ~13!
to each interface, respectively. The ansatz for the velocity
potential of the perturbed annulus takes the form
f~r ,u!5f0~r !1f i
1~r !einu1fo
1~r !eimu, ~14!
where
f i
1~r !5
Cn
rn
1Dnrn, fo
1~r !5
Cm
rm
1Dmrm. ~15!
Adding the condition that the perturbation at one interface
does not affect the other:
f i
1~ro!50, fo
1~ri!50, ~16!
leads to:
Cn52Dnro
2n
, Cm52Dmri
2m
. ~17!
The constants Dn , Dm are determined by the boundary con-
ditions ~6! and ~7!. Taking into account the fact that f0(r)
itself satisfies these boundary conditions for the circular in-
terfaces (r5ri , k i i51/ri , and r5r0 , k io51/ro , respec-
tively! and linearizing the curvatures in the parallel direction,
we obtain
1
M ]rf
0U
ri
dri2rV
2ridri1
1
M f i
1~ri!e
inu
5
s
ri
2 ~n
221 !dri , ~18!
1
M ]rf
0U
ro
dro2rV
2rodro1
1
M fo
1~ro!e
imu
52
s
ro
2 ~m
221 !dro , ~19!
to first order in the perturbation. Taking into account ~12!
and ~13!, and solving for f i
1 and fo
1
, we obtain
FIG. 9. Perturbation of the two circular interfaces of a liquid annulus.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lf i
1~ri!5H M sri2 ~n221 !1MrV2ri2]rf0UriJ z i , ~20!
fo
1~ro!5H 2M sro2 ~m221 !1MrV2ro2]rf0UroJ zo ,
~21!
which implies
Dn5
1
@12~ro /ri!2n#ri
n Piz i , ~22!
Dm5
1
@12~ri /ro!2m#ro
m Pozo , ~23!
with
Pi5M H s
ri
2 ~n
221 !1rV2ri2
A
MriJ , ~24!
Po5M H 2 s
ro
2 ~m
221 !1rV2ro2
A
MroJ . ~25!
The growth rate of the perturbation is derived from Dar-
cy’s law, which relates the time derivative of the radial co-
ordinate to the spatial derivative of f in the radial direction.
We obtain
dr˙ i5]rrf
0uridri1]r~f i
1einu1fo
1eimu!uri, ~26!
dr˙ o5]rrf
0urodro1]r~f i
1einu1fo
1eimu!uro . ~27!
The overdot stands for a time derivative. Substituting the
velocity potentials by their expressions ~10! and ~15! and
taking spatial derivatives, these two equations can be rewrit-
ten in the form
z˙ i52
A
ri
2 z i2
n
ri
11~ri /ro!2n
12~ri /ro!2n
Piz i
2
2m
ri
ei~m2n !u
~ri /ro!m2~ro /ri!m
Pozo , ~28!
z˙ o52
A
ro
2 zo2
2n
ro
ei~n2m !u
~ro /ri!n2~ri /ro!n
Piz i
2
m
ro
11~ro /ri!2m
12~ro /ri!2m
Pozo . ~29!
Since the amplitudes z i and zo cannot depend on the azi-
muthal angle, two possibilities arise:
~i! The term with the exponential is zero in the expres-
sions above @Eqs. ~28! and ~29!#. This occurs in the
limit of a large separation between the two interfaces,
ro@ri , which will be discussed in detail later.
~ii! m5n , independently of the ratio between ro and ri .
This case is discussed next.
The condition m5n leads to a dispersion relation of the
formicense or copyright; see http://pof.aip.org/about/rights_and_permissions
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DownS z˙ iz˙ oD 5S a11 a12a21 a22D S z izo D , ~30!
where
a1152
A
ri
22
n
ri
11~ri /ro!2n
12~ri /ro!2n
Pi , ~31!
a1252
2n
ri
1
~ri /ro!n2~ro /ri!n
Po , ~32!
a2152
2n
ro
1
~ro /ri!n2~ri /ro!n
Pi , ~33!
a2252
A
ro
22
n
ro
11~ro /ri!2n
12~ro /ri!2n
Po . ~34!
This relation shows that, in the generic case ri;ro , the two
interfaces are coupled to each other through the pressure
field, already at a linear level.
To determine whether the perturbation at the interfaces
grows or decays in time we have to diagonalize the disper-
sion relation ~30!. The corresponding eigenvalues v6(n) de-
termine the growth rates of the normal modes. We find:
v65
1
2~a111a22!6
1
2@~a111a22!
2
14~a12a212a11a22!#1/2. ~35!
These growth rates correspond to the following normal
modes of perturbation:
dr15z ie
inuS 1v12a11
a12
D , for which dr˙ 1dr1 5v1 ,
~36!
dr25zoe
inuS v22a22a21
1
D , for which dr˙ 2dr2 5v2 .
~37!
The behavior of these two modes depends on the sign of
the component (v62aii)/ai j . If this component is real and
positive, the perturbations at the two interfaces are in phase,
and the mode is a bending mode. If this component is real
and negative, the perturbations have a phase difference of
p/2 rads and the mode is a squeezing mode. This component
can also have a nonzero imaginary part, which would lead to
a spatio-temporal oscillation of the perturbations at the two
interfaces.
D. Linear stability of a very wide annulus rori
It is interesting to analyze the stability of the interfaces
in the limit of a large separation distance, ro@ri . We have
a11.2
A
ri
22
n
ri
Pi , ~38!
a22.2
A
ro
2 1
m
ro
Po , ~39!
a12.0, ~40!loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP la21.0. ~41!
We see that the nondiagonal terms in Eq. ~30! vanish and the
stability of the leading and trailing interface becomes inde-
pendent. As the nondiagonal terms are negligible, the condi-
tion m5n does not necessarily hold, and we are led to dis-
tinguish again between the azimuthal wavenumbers n and m.
The growth rates, Eq. ~35!, are given now by
v1.a11.M H 2 s
ri
3 n~n
221 !2rV2n1
A
Mri
2 ~n21 !J , ~42!
v2.a22.M H 2 s
ro
3 m~m
221 !1rV2m2
A
Mro
2 ~m11 !J ,
~43!
and the corresponding modes by
dr1.z ie inuS 10 D , ~44!
dr2.zoeinuS 01 D . ~45!
In this limit, the first mode is an exclusive perturbation
on the inner interface, and the second mode an exclusive
perturbation on the outer interface. The growth rate of the
perturbation of the inner interface, Eq. ~42!, reproduces the
classic result of Paterson7 for air displacing oil in a circular
geometry, in which the instability is driven by the viscosity
contrast between the two fluids, with surface tension stabi-
lizing modes of short wavelength ~large n!. Here there is an
additional term accounting for centrifugal forcing, which sta-
bilizes due to the fact that at this interface the outer fluid ~oil!
is the densest. The growth rate of the perturbation of the
outer interface, Eq. ~43!, on the other hand, reproduces the
results of Schwartz8 and Carrillo et al.9 for oil displacing air
in the presence of centrifugal forcing. In this case the insta-
bility is driven by the density contrast between the two flu-
ids, while the viscosity contrast and the interfacial tension
have a stabilizing effect.
E. Linear stability of a very thin annulus ro¶ri
We study the linear stability of the circular interfaces as
the radially spreading annulus becomes very thin and the two
interfaces get very close to each other. This is the opposite
limit of the previous case, and the coupling of the two inter-
faces is expected to play an important role here. This limit
can only be carried up to the point at which the thickness
ro2ri of the annulus becomes comparable with the gap
thickness b of the cell, since at this point three-dimensional
effects become determinant and the Hele–Shaw approxima-
tion fails.
The limit of a very thin annulus must be taken with some
care because ri→ro , while L25ro22ri2 remains a constant of
the motion. To take both aspects into consideration at the
same time, we define a small parameter e5L/ro , such thaticense or copyright; see http://pof.aip.org/about/rights_and_permissions
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ro
D 2512S L
ro
D 2512e2→1, as e→0, ~46!
corresponding to ro→‘ with L constant. We now consider
the constant A in the approximation of perfect wetting
A5M
~1/2!rV2L22s~1/ri11/ro!
ln~ro /ri!
, ~47!
and expand A, Pi , Po in powers of e. After a lengthy calcu-
lation, one obtains
a115M H 2 sL3 @8e211O~e!#2rV2F16 e21O~e4!G J , ~48!
a225M H sL3 @8e211O~e!#1rV2F16 e21O~e4!G J , ~49!
a125M H sL3 @8e211O~e!#1rV2F11 16 e21O~e4!G J ,
~50!
a215M H 2 sL3 @8e211O~e!#1rV2F12 16 e21O~e4!G J .
~51!
The linear growth rates of the normal modes, given by Eq.
~35!, now become:
v6.6MrV2, ~52!
to leading order in e. The leading contribution is in the non-
diagonal terms, a12 and a21 , which account for the coupling
of the two interfaces. Notice that the growth rates are inde-
pendent of n. The corresponding modes are
dr1.z ie inuS 11 D , ~53!
dr2.zoeinuS 11 14 rV2L3s e
1
D . ~54!
The mode dr1 is a pure bending mode. The perturbations at
the two interfaces are in phase and have identical amplitude
as a consequence of the strong coupling of the interfaces.
The mode dr2 is also a bending mode because the perturba-
tions at the two interfaces are in phase, but now the ampli-
tude of the perturbation at the trailing interface is larger than
the amplitude of the perturbation at the leading interface.
This can give rise to the formation of trapped fluid regions
right before the two interfaces meet each other, similarly to
what would be observed for a squeezing mode. We will call
dr2 an enhanced bending mode.
The linear growth rate of the pure bending mode is posi-
tive for all n. Hence, the annulus is always unstable against
bending, when it becomes sufficiently thin. The picture on
top of Fig. 4 provides an example of slight destabilization by
a pure bending mode in prewet conditions. The linear growth
rate of the enhanced bending mode shows that this mode
always decays, so that upon thinning the annulus becomes
linearly stable against this kind of perturbation.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lThe different behavior of the normal modes, however,
must be rationalized in terms of the evolution of the base
state itself. Notice that the growth–decay rate of the two
modes is given by the reciprocal of t512m/(rV2b2), which
is precisely the time scale of a rotating Hele–Shaw system.9
This has important consequences on the behavior of the nor-
mal modes. To see why, consider conditions of perfect
wetting—which were assumed in the derivation of the pre-
ceding results. The velocity of the leading interface is vo
5A/ro.MrV2ro5ro /t . Therefore ro grows exponentially
with time in prewet conditions as exp(t/t). Given that L2
5ro
22ri
2 is a constant of the motion, the radius ri follows
this same behavior. These predictions have been confirmed
experimentally in Ref. 11. Finally, it is not difficult to show
that the separation of the interfaces ro2ri goes to zero as
exp(2t/t), i.e., with the same constant t. Now, the amplitude
of the mode dr1 must be compared with the radii of the
circular interfaces. Only if the amplitude grows at higher rate
than the two radii will the morphological instability develop
at finite time. It turns out that they grow at exactly the same
rate t, which is equivalent to saying that their relative am-
plitude remains constant in time, and dr1 is marginal with
respect to the base state. The overall behavior can be re-
garded as a spatial rescaling at successive times of the per-
turbed thin annulus. The amplitude of the mode dr2 , on the
other hand, must be compared with the separation of the
interfaces. If the unperturbed interfaces approach each other
at higher rate than the mode decays, there is pinching of the
interfaces at finite time—even though the amplitude of the
mode decays in time. It turns out that they all decay at ex-
actly the same rate t, so that dr2 is marginal with respect to
the base state. In conclusion, none of the two normal modes
is expected to produce a morphological instability of the thin
annulus in prewet conditions at finite time.
In dry conditions the situation is different, since the radii
of the circular interfaces do not grow exponentially with
time, but linearly, and their velocity is significantly lower
than in prewet conditions.11 The growth–decay rate of the
normal modes could be comparatively higher. These ques-
tions are addressed in the next section.
F. Numerical integration of the equations and
comparison with experimental results
To compare the predictions of the linear stability analy-
sis with our experimental observations, we have carried out a
numerical integration of the coupled equations @Eqs. ~28! and
~29!#.
The first point to consider is that the base state in the
linear stability analysis ~circular interfaces of radii ro and ri)
is actually evolving in time. This makes the linear growth
rates of the normal modes dependent on time, and the relax-
ation or growth of the modes not truly exponential. This is
usual in circular geometry. For example, in the classic ex-
periments of Paterson7 with air displacing oil in a motionless
circular Hele–Shaw cell, the linear evolution of the unstable
interface proceeds through a cascade of modes, with increas-
ing participation of higher n modes as time progresses.
In our case the linear evolution of the interfaces is moreicense or copyright; see http://pof.aip.org/about/rights_and_permissions
1695Phys. Fluids, Vol. 12, No. 7, July 2000 Interfacial instabilities of a fluid annulus . . .
Downcomplicated, because the linear growth rates v6 depend on
the radii ro and ri through the matrix elements ai j . To cal-
culate the time dependence of the linear growth rates, the
annulus is originally defined as having inner radius RA ~the
radius of the central orifice of the top plate! and outer radius
L0 . The subsequent radii of the stable circular interfaces, ri
and ro , and the matrix elements ai j are computed as a func-
tion of time using the equations for the stable displacement
derived in our previous work.11
~i! In prewet conditions we use Eqs. ~10! and ~11!, with
uDi.uDo.0 and L25ro
22ri
2 practically constant—
because the relative thicknesses verify a i.ao . Since
L remains constant, a i and ao have no influence on
ri , ro .
~ii! In dry conditions we follow the same procedure only
in the first time steps, until the velocity v i of the trail-
ing interface becomes larger than the velocity given
by the empirical scaling relation v50.1(s/m)
3(b/L0)2S5/4. From this time step on, we determine
v i from the scaling relation. Next, v i is used to deter-
mine ri and the function A given by A52v ir i /M .
Finally, the radius ro of the leading interface is deter-
mined from ro
25L21ri
2
, taking into account that in
dry conditions ao50 and a iÞ0, which makes L a
decreasing function of ri . The thickness a i is com-
puted from v i through Reinelt’s formulas for a circu-
lar interface.12
The time dependence of the linear growth rates is shown
in Fig. 10. Since it is difficult to keep track of the two modes
separately, we plot only the mode of highest growth rate at
FIG. 10. Linear growth rate of the different modes n as a function of time
for prewet and dry conditions. The parameters used in the numerical inte-
gration are b50.81 mm, L0530 mm, V5180 rev/min, r51000 kg/m3,
n550 mm2/s, s520.7 mN/m.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP leach time. In both prewet and dry conditions, the figure
shows two maxima at t50 which decay in time at short
times. Of these two maxima, the one for low n is associated
with the trailing interface. This interface is always unstable
at the beginning because of its large initial velocity (v
;1/r), but can only accommodate perturbations of very low
wave number due to its small radius. The other initial maxi-
mum, for intermediate n, is associated with the leading inter-
face. The stability of this interface is not significantly af-
fected by the trailing interface at short times, and thus it is
governed by Eq. ~43!, i.e., by the interplay between the de-
stabilizing effect of density contrast and the stabilizing effect
of both viscosity contrast and surface tension.
The influence of wetting conditions appears at later
times, when the two original maxima in Fig. 10 have nearly
disappeared. In prewet conditions the radii of the interfaces
grow exponentially in time. As a result, the linear growth
rates remain small and nearly constant in time. In dry condi-
tions, on the other hand, the radii of the two interfaces grow
linearly in time, and the growth rates of the unstable modes
rise sharply in time.
The fact that the linear growth rates depend on time
means that the relaxation or growth of the normal modes for
a wavenumber n is not proportional to exp@v6(n)#t. Rather, a
direct integration of the linearized equations for the evolu-
tion of the normal modes, ~28! and ~29!, leads to
dr6~ t !5dr6~0 !expF E
0
t
v6~n !dt8G , ~55!
provided that *0
t v6(n)dt8.0, which means that the distur-
bance grows and the modes are unstable. The number of
fingers at the end of the linear regime is typically given by
the mode n which has grown to the largest amplitude, not by
the instantaneous fastest growing mode.
With these considerations in mind, we have computed
the time dependence of the amplitudes of the different modes
from a numerical integration of Eqs. ~28! and ~29!. Follow-
ing Cardoso and Woods10 and Miranda and Widom,13 we
assume the presence of a constant level of noise in the ex-
periment, which perturbs each mode n with the same ampli-
tude udr(0)u. The calculation requires a specific value of the
temporal extent of the linear regime, which is not readily
experimentally accessible. We have decided to carry out the
numerical integration up to a time t f50.3t , where t is the
natural time scale for radial Hele–Shaw displacements under
centrifugal forcing and has been defined in Sec. III E. This
choice, although arbitrary, is based on empirical results ob-
tained for experiments of fingering of a circular drop under
centrifugal forcing in the same experimental setup.9 In these
experiments the instability developed systematically only af-
ter a latency time t/t50.3. We take this scaling quantity as
indicative of the duration of the linear regime.
The result of the calculation is shown in Fig. 11. The
relative amplitude of the different modes is plotted as a func-
tion of time, for prewet and dry conditions. A0 is the ampli-
tude at t50 ~amplitude of the noise in the initial condition!.
Again, only the mode that has the largest amplitude is shown
at each time. It is clear from this result that the time scale foricense or copyright; see http://pof.aip.org/about/rights_and_permissions
1696 Phys. Fluids, Vol. 12, No. 7, July 2000 Carrillo, Soriano, and Ortin
Downdevelopment of the instability is very different in prewet and
dry conditions. Under equivalent experimental conditions,
the instability in a prewet cell will possibly not develop ap-
preciably during the experiment, while in a dry cell it will
clearly do so in almost all instances. In both prewet and dry
conditions the wave number of maximum amplitude in-
creases slightly with time, predicting a cascade towards
modes of larger n as time increases. These predictions are in
good agreement with our experimental observations.
The preceding analysis has been carried out systemati-
cally in the range of parameters explored experimentally in
dry conditions. We have determined numerically the wave
number n of the mode which grows to its largest amplitude at
the first unstable interface, as a function of rotation rate V
and initial radius L0 . The result is presented in Fig. 12 ~top!.
The region from the lower-left corner to the middle of the
diagram corresponds to the leading interface, and the region
from the middle to the upper-right corner to the trailing in-
terface. Clearly, in view of the assumptions required to com-
pute it, this diagram can only be considered from a qualita-
tive point of view. In particular, the boundary between the
two regions is strongly dependent on the arbitrary choice of
the total time of integration t f .
Nevertheless, the trend exhibited by the lines of constant
n reproduces well our experimental observations, which are
also summarized on Fig. 12 ~bottom!. Experimentally, the
values of n have been determined in the following way. In
the case of a leading interface, which is the case encountered
most often, n is the number of fingers observed in the devel-
oped pattern. As discussed before, this number is a good
estimate of the dominant wave number emerging from the
linear regime, due to the fact that at the leading interface the
nonlinear mechanisms capable of modifying the number of
FIG. 11. Relative amplitude of the different modes n as a function of time
for prewet and dry conditions. The parameters used in the numerical inte-
gration are the same as in Fig. 10.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lfingers ~finger competition or tip splitting! do not seem to be
operative. In the less frequent case of analyzing a trailing
interface, the number n is taken as the wave number of the
mode that displays the peak of largest amplitude in the
power spectrum, at the end of the linear regime. The extent
of the linear regime is determined by the condition that the
amplitude of the ripples in the radial direction is smaller than
their azimuthal wavelength.
FIG. 12. Lines of constant wave number n, in the parameter space V ~rota-
tional frequency! vs L0 ~initial radius of the oil drop!, for displacements in
dry conditions, with b50.81 mm, n550 mm2/s, and s520.7 mN/m. Top:
prediction of the linear stability analysis for the mode that grows to largest
amplitude. Bottom: Experimental results. Both diagrams comprise two dif-
ferent regions; one from the bottom-left corner to the middle of the diagram,
in which the first unstable interface is the leading interface, and another,
from the middle to the top-right corner, in which the first unstable interface
is the trailing interface.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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DownThe dependence of n on initial radius L0 , which has
been discussed in connection with Fig. 6, is observed here to
be general; for small L0 the first unstable interface is the
leading interface, and n is small. As L0 increases, n increases
correspondingly. Then L0 reaches a threshold value at which
the leading interface is replaced by the trailing interface, and
the number n becomes small again. Our observations show
that the threshold value of L0 , which separates the onset of
instability at one or another interface, becomes lower as V
increases.
G. Other experimental observations
An interesting feature of the fingering patterns observed
in the present experiments is the radial emission of droplets
in the deep nonlinear regime. This observation might be re-
lated to the problems of pearling and pinching in Hele–Shaw
flows, which have been studied theoretically and numerically
in recent years.14–17 In our experiment, the emission of drop-
lets occurs in very thin annuli, and in dry conditions it is
accompanied by the formation of thin fluid filaments at the
tip of radially outgrowing fingers, as shown in Fig. 13. It is
interesting to point out that the radial growth velocity of a
fluid filament is appreciably larger than the radial velocity of
the finger from which it formed, as shown in the sequence of
pictures in Fig. 14.
Given that the thicknesses in the radial direction and in
the direction perpendicular to the glass plates are comparable
in this case, it is not clear that the secondary instability giv-
ing rise to the formation of fluid filaments and the emission
of droplets can be analyzed within the framework of the
Hele–Shaw approximation.
Ignoring the real possibility of non-Hele–Shaw effects,
our experimental observations could be analyzed in the
framework of the nonlinear theory developed by Goldstein,
Pesci, and Shelley,14 in which they use the lubrication theory
for Hele–Shaw flows to study the pinching of the neck of a
FIG. 13. Late stages in the evolution of a rotating annulus in a dry cell. The
picture shows a cord of liquid which emits droplets in the radial direction
through the formation of thin fluid filaments at the tip of outgrowing fingers.
In this experiment the fluid is silicone oil 50, V5120 rev/min, b
51.94 mm, L0530 mm, and the picture is taken at t52.6 s.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lpendant drop as well as a driven jet. Our centrifugally driven
necks and droplets seem somewhere between these two
cases. This analysis, which goes beyond the scope of the
present paper, is currently in progress.
IV. SUMMARY
We have studied the stability of an annular layer of fluid
confined in a circular Hele–Shaw cell and subjected to cen-
trifugal forcing. The annular configuration is interesting be-
cause the two interfaces can be made simultaneously un-
stable. The instability of the leading interface is driven by the
density contrast in the presence of centrifugal forcing. The
instability of the trailing interface is driven by the large vis-
cosity contrast.
Our experimental results have shown that flows in a cell
prewet with an oil coating are highly stable in the range of
parameters explored. On the other hand, in a dry cell the
flows are unstable. In this case the instability develops first at
the leading interface, or simultaneously at both interfaces if
the annulus becomes very thin. This kind of instability gen-
erates fingers, which grow radially. The number of fingers is
the same at both interfaces when the annulus is very thin.
Deep in the nonlinear regime, these fingers are not seen to tip
split or compete. Only for initially thick annuli does the in-
stability develop first at the trailing interface, and the fingers
at this interface exhibit tip splitting.
We have carried out a linear stability analysis of the
problem and shown that the stability of the two interfaces is
coupled through the pressure field, already at a linear level.
We have studied the limit of a thick annulus, for which
the two interfaces decouple. The result of the linear stability
FIG. 14. Sequence of pictures taken from the experiment shown in Fig. 13,
demonstrating the formation of a droplet at the tip of an outgrowing finger,
and its fast departure from the finger through the formation of a thin fluid
filament. The first picture is taken at t52.2 s, and the interval between
pictures is 0.2 s.icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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tions of the circular interfaces in the presence of centrifugal
forcing; at the leading interface ~oil displacing air! the insta-
bility is driven by the density contrast between the fluids, in
competition with the stabilizing effects of viscosity contrast
and interfacial tension. At the trailing interface ~air displac-
ing oil! the instability is driven by the viscosity contrast be-
tween the two fluids, and density contrast and interfacial ten-
sion stabilize.
We have also studied the limit of a thin annulus, which
is gradually reached as the annulus spreads radially in the
circular cell. In this limit and in prewet conditions the cou-
pling of the two interfaces is shown to lead to two possible
modes of perturbation; a bending mode dr1 , unstable,
which in the linear regime grows exponentially at a rate 1/t
for all wave numbers n, and an enhanced bending mode
dr2 , stable, which decays at a rate 21/t. We have shown
that the two modes are marginally stable with respect to the
radial displacement of the annulus ~in the case of dr1) and
to the radial thinning of the annulus ~in the case of dr2).
Consequently they are not expected to produce a morpho-
logical instability of the thin annulus at finite time. This is
not the case in dry conditions, for which the radii of the
circular interfaces grow comparatively slower.
Between these two limits, the linear stability of the an-
nulus has been addressed by a numerical integration of the
coupled equations for the linear growth rates of the normal
modes. The result shows a mode-to-mode cascade to larger n
as time progresses. The effect of wetting conditions has also
been taken into account in the numerical integration, through
the unperturbed velocity fields derived in Ref. 11. We have
found that the time scale for amplification of infinitesimal
perturbations is much shorter in a dry cell than in a cell
previously coated with oil, in agreement with our experimen-
tal observations.
Although the predictions of the linear stability analysis
cannot be easily verified experimentally at a quantitative
level, we have succeeded in showing that the general trends
of the number of fingers predicted at the end of the linear
regime, in the parameter space of rotational frequency vs
initial radius, are in good qualitative agreement with our ex-
perimental observations.loaded 22 Sep 2010 to 161.116.168.227. Redistribution subject to AIP lFinally, we have observed a secondary bifurcation of the
fingers in very thin annuli, with the formation of fluid drop-
lets and their emission at large velocity in the radial direc-
tion.
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